INTRODUCTION
A finitely generated group ⌫ is representation rigid if, in each dimension n G 1, ⌫ admits only finitely many non-isomorphic irreducible complex representations. This property is invariant under passing to a subgroup of finite index. Thus, two groups are called commensurable if they have isomorphic subgroups of finite indices.
Let K be a finite field extention of Q, S a finite set of places containing Ž . all archimedean ones, and K S the ring of S-integers in K. For a Ž Ž .. semi-simple linear algebraic group G over K, denote by G K S the Ž . group of S-integral points in G K . A group ⌫ is of arithmetic type if ⌫ is Ž Ž .. commensurable with a direct product of a finite set of factors G K S as
defined.
1 The research was supported in part by the Russian fund for fundamental research 99-01-00894. 807 0021-8693r00 $35.00 w x Ž . Platonov conjectured PR that, if ⌫ is a linear over C , finitely generated, representation rigid group, then ⌫ is of arithmetic type. The w x principal aim of the Bass᎐Lubotzky paper BL is to construct counterexamples to the Platonov conjecture. The desired group is an equalizer of two homomorphisms of a particular hyperbolic group G onto a non-trivial Ž w x finitely presented group Q which has no proper subgroups. See BL for . details and more explanations. But it was unproved that such a quotient Q does exist. Therefore the following theorem was ''commissioned'' from the author by Bass and Lubotzky.
THEOREM 1. Let G be a non-elementary hyperbolic group. Then G has a non-tri¨ial quotient Q s GrN which is finitely presented and possesses no non-tri¨ial finite homomorphic images.
The main goal of our paper is to prove Theorem 1 because it is required by Bass and Lubotzky to complete the construction of the counter-examples for the Platonov conjecture. Our proof is strongly attached to the w x papers O1, O2 where a ''generalized small cancellation method'' has been developed for obtaining quotients of hyperbolic groups with prescribed Ž . properties e.g., as ''Tarski monsters'' . Taking the opportunity, we notice w x 2 below that the results of O1 imply the following corollary.
THEOREM 2. The following assertions are equi¨alent:
Ž .
1 There exists a non-residually finite hyperbolic group.
2 There exists a non-tri¨ial hyperbolic group ha¨ing no proper subgroups of finite indices.
3 There exists a finite collection of non-elementary hyperbolic groups such that the set of the isomorphism classes of their common non-abelian, finite, simple homomorphic images is finite.
Whether statement 1 is true or not is a well-known open problem. w x Ž . Gromov has conjectured G, 5.B that assertion 2 is valid. If every hyperbolic group is residually finite, then for every sufficiently large prime p and every integer l there is a finite non-p-group generated by some elements a, b such that any non-trivial product of the generators of length Ž w x F l has order p. See Problem 12.64 in KN and the remark at the end of w x . IO . Finally, notice that every hyperbolic group G is residually periodic of Ž w x w x bounded exponent. See O3 for a torsion free G and IO for a general . case. It seems that even the task to construct a finitely presented, Ž . residually periodic of bounded exponent group which is not residually finite should be difficult. The author is greatly thankful to Professors H. Bass and A. Lubotzky for the setting of the problem and for encouragement in writing the paper. Also he thanks the referee for useful criticism.
CONSTRUCTION FOR THE QUOTIENTS
Let us recall just one of a number of equivalent definitions of hyperbolicity.
A group G with a finite generating set A is hyperbolic if its Cayley Ž . Ž . graph ⌫ s ⌫ G, A is hyperbolic; that is, for some constant ␦ s ␦ G, A , any geodesic triangle in ⌫ is ␦-thin. This means that each of its sides belongs to the closed ␦-neighborhood of the union of the other two sides.
A group G is elementary if it has a cyclic subgroup of finite index. We use the symbol ''' '' for the letter-by-letter equality of the words 5 5 and the notation W for the length of a word W in a fixed group alphabet. Introduce a 2-variable word 
G.
The words A , B , C 1 F j F n over the alphabet A will be j j j Ž . specified later. Denote by N the normal closure of the elements w A , B , Žw x Elements g and h of infinite order are called commensurable O1 ; the notion differs from the commensurability of groups mentioned in Section .
for some non-zero integers k, l and for some x g G. For a hyperbolic G, this condition is equivalent to the Ž .
Ž . E H is defined to be lE h , where h ranges over the elements of G
Ž . infinite orders in H. If the subgroup H is not elementary, E H is the
Žw unique maximal finite subgroup of G normalized by H O1, Proposition x Ž . 1 ; notice also that E G is the kernel of the action of G on the hyperbolic . boundary Ѩ G induced by left multiplications on G . Therefore the quo-Ž . tient GrE G has no non-trivial finite normal subgroups. Hence to prove Ž . Lemma 2 it suffices to assume that E G s 1 because the quotient of a non-elementary hyperbolic group modulo a finite normal subgroup is also w Ž .x a non-elementary hyperbolic group GH, Corollary 23 ii . 
The large integers l, m will be specified in Lemma 4.2 . and in the proof of Lemma 2.2 in Section 5 . Also define 
. . , n for a word¨from N N. The result will be called a relation H-word Ž w x. because we want to use a terminology which is similar to that in O2 . An H-word is a result of an analogous substitution into any reduced word¨on
Recall that by our definition of the words 2 ᎐ 4 , they depend on parameters l and m. Introduce the small cancellation condition we need. First define ⑀-pieces w x for ⑀ G 0. The definition below is similar to that in O1 .
Let R and RЈ be cyclic permutations of relation H-words. A word U is Ž . called an ⑀-piece of the word R and of any cyclic permutation of R with Ž . respect to G more precisely, with respect to a finite presentation of G if
Ž . 1 R ' UV, RЈ ' UЈVЈ for some U, V, UЈ, VЈ;
Ž . 
Ž .
C3 The choice of parameters l and then m , which guarantees 0 Ž . w x condition C3 , is similar to that in O2, Lemma 6 , but we need an w x addition to the proof of Lemma 6 in O2 .
We say that two relation H-words V, V Ј have the same type if for some Ž . Ž . Ž . Ž . j F n and S, T s A , B or S, T s A a , C , one has the equalities
Ž . To verify condition C3 for properly chosen l and m , we take two 0 paths r and r Ј in the Cayley graph ⌫ of G, labeled by some cyclic permutations R and RЈ of relation H-words. Assume that their initial 5 5 5 5 subpaths u and uЈ are labeled by words U, UЈ with U G R , and there Ž . y1 is a closed path labeled by the word YUZ UЈ as in the definition of an ⑀-piece. We want to prove that U is not a piece.
By definition, entire vertices of paths r, r Ј correspond to the partition of
w x Following the proof of Lemma 6 in O2 , we will explain that R and RЈ are of the same type, and will find a common vertex on r and r Ј which is Ž w x entire in both paths r and r Ј. In O2 , we had to find two entire vertices on r and r Ј, respectively, connected by a path labeled by a word from a Ž . Ž . subgroup E D . Now, this word is trivial, since the assumption E G s 1 Ž . from Section 2 gave us a chance to formulate a condition E3 stronger w x . than O2 . Hence the entire vertices will coincide in the Cayley graph. Then, for the cyclic permutations R and R X of the words R and RЈ,
respectively, that can be read starting from the common entire vertex,
is freely congugate to a relation H-word RЉ or 1 1 . to the empty word . However, the word S is conjugate in G to the word YRY y1 RЈ y1 , and consequently, U is not a piece. To obtain the declared properties of the words R, RЈ and the paths r, r Ј, w x we distinguish the only point of the proof of Lemma 6 in O2 , where an w x additional explanation is required now as compared with O2 . This happens if R and RЈ are of different types, but for the same j, R is a cyclic Ž . permutation of some¨A , B and RЈ is a cyclic permutation of some choice of the generators for the group G. Thus the second case is impossible too.
PROOF OF THEOREMS 1 AND 2
Proof of Lemma 2.2. It remains to be proven that N / G. For this goal, by using a van Kampen diagram, we show below that a / 1 in the 1 quotient Q s GrN. w x Unlike LS , where an edge of a diagram can be labeled by a word, we will suppose that an edge is labeled by a letter from the generating set of Ž w x . G see O4 for details .
The group Q can be given by a finite set of defining relations for G and by all the relations having relation H-words in the left-hand side. If ⌬ is a w x diagram over this presentation, then as in O1 , the faces corresponding to the relations of G are said to be 0-faces, and the faces labeled by the relation H-words are called R R-faces.
Thus, the assumption that a s 1 in Q leads to the existence of a van 1 Kampen diagram ⌬ of perimeter 1 over the presentation of Q, which must contain an R R-face. We suppose that ⌬ has a minimal number of R-faces Ž among the diagrams with the same boundary label in particular, it is w x. reduced in the sense of O2 . w x Ž . Lemma 6.6 in O1 the ''generalized Greendlinger lemma'' says that for any hyperbolic group G and any ) 0, there is a ) 0 such that for any c G 0, there are ⑀ G 0 and ) 0 with the following property. If the Ž . C ⑀ , , , c, -condition holds for a system of relators, imposed on the group G, then a reduced diagram ⌬, which has R R-faces, must contain an R R-face ⌸, such that ''almost the whole'' boundary of ⌸ is situated ''alongside'' the boundary of ⌬. Now we can refer to the claim of that Ž w x. lemma also see the remark made after the proof of Lemma 7 in O2 because no changes are required in the proof of it except for applications w x of Lemmas 4.1 and 4.2 instead of their analogs from O1, O2 . w x More precisely, O1, Lemma 6.6 claims that there is an R R-face ⌸ in ⌬ with Ѩ ⌸ labeled by a relation H-word R, which enjoys the following property. There exists such a subdiagram ⌬ of ⌬, which is a diagram over 0 Ž . G i.e., it has no R R-faces , and the boundary Ѩ⌬ can be partitioned into a 0 Ž product yuzuЈ, where u is a subpath of Ѩ ⌸, uЈ is a subpath of Ѩ⌬, and for .
Ž .
We may assume now that the parameters m, l, ⑀ , , , c, and are w x taken in accordance with Lemma 4.2 and the analog of Lemma 6.1 in O1 . Thus, all the words A , B , C are fixed now. Remark. In the same manner, the inequality V / 1 in Q can be proven for any ''short'' word which is non-trivial in G. In other words, a variation of the parameters provides us a system of residualizing homomorphisms of a non-elementary hyperbolic group G onto quotients like in Theorem 1.
w x
The following simplification of Theorem 2 from O1 will help below to prove Theorem 2 formulated in Section 1. 
G.
Ž . Ž . Ž . The implications 2 « 1 , 3 are obvious.
Ž .
Ž . 1 « 2 . Let G be a non-residually finite hyperbolic group. Denote by K the non-trivial intersection of the kernels of all homomorphisms of G into arbitrary finite groups. Introduce the free product F s G)G)G of three copies of the group G. Let H be the free product K ) K ) K naturally embedded in F. Evidently H vanishes under arbitrary homomorphism of the group F into a finite group. The contradiction shows that the group F has no finite simple homomorphic images at all, and, therefore, it has no proper subgroups of finite indices.
